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Quantum mechanics, whose basic laws were for-
mulated in the twenties, still remains the most fun-
damental theory we know. Although it was originally
conceived as a theory of atoms, it has shown a wide
range of applicability, making it more and more evi-
dent that the formalism describes some general prop-
erties of Nature. However, despite its successes, there
is still no consensus about its interpretation, with the
main questions being centered on quantum measure-
ments. At the end of the century, quantum mechanics
remains both intact and puzzling. Since the dynamics
of quantum mechanics described by the Schrodinger
equation is linear, it follows that, after an interaction
between a quantum system and a measuring appara-
tus, the state of the composite system is not, in gen-
eral, an eigenstate of the measured observable, and
not an eigenstate of the observable functioning as a
pointer. Hence, neither the measured observable nor
the pointer reading have determined values. There-
fore, measurement-like processes would necessarily
produce such non-classical states as in the infamous
example of Schrodinger’s cat. A superposition of be-
ing dead and alive should result in an entirely new
state, in the same sense as the superposition of a K
meson and its antiparticle does.

The main reason for this annoying situation seems
to be based on the assumption that it is possible to iso-
late systems from their environment. When we drop it

as unjustified and consider quantum systems as open
ones, we obtain, due to the decoherence process, a
new perspective for understanding the emergence of
classical properties.

In recent years decoherence has been widely dis-
cussed and accepted as the mechanism responsible
for the appearance of classicality in quantum mea-
surements and the absence, in the real world, of
Schrodinger-cat-like states [1 - 4]. The basic idea be-
hind it is that classicality is an emergent property
induced in quantum open systems by their environ-
ment. It is marked by the dynamical transition of the
vast majority of pure states of the system to statistical
mixtures. In other words, decoherence is a process
of a continuous interaction between the system and
its environment which results in limiting the validity
of the superposition principle in the Hilbert space of
the system. This resolves the measurement problem
essentially in the following way: Since any realis-
tic measuring apparatus is macroscopic it necessarily
interacts with its environment, for example with the
gravitational force, and so, almost instantaneously af-
ter a measurement, the reduced state of the measuring
instrument is, for all practical purposes, indistinguish-
able from a state representing a classical probability
distribution over determined but unknown values of
the pointer observable. The information required to
exhibit quantum interference effects between distinct
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pointer states is immediately lost in the external de-
grees of freedom.

In consequence, it leads to the appearance of en-
vironment-induced superselection rules which pre-
cludes all but a particular subset of states from stable
existence. A thorough analysis of the structure of en-
vironment-induced superselection rules has been pre-
sented in [5, 6]. It is worth noting that, in general, not
only superpositions A|v) + X |w), |A|* + |[N'|? = 1, of
vectors from different coherent subspaces are em-
pirically indistinguishable from mixtures |\|*P, +
|N|*P,, where P, = |[v){v| and P, = |w)(w]|. It
may happen that some non-proportional vectors from
one coherent space still determine the same quantum
state. The set of such vectors is then represented by
an r-dimensional sphere, so-called the generalized
ray [7], r being the dimension of an irreducible sub-
space of commuting physical observables. It follows
then that the minimal stable projection has the di-
mension r. Therefore, in such a case superselection
operators form a noncommutative algebra, whereas
in the measurement problem it was necessarily com-
mutative. If » = 1, then we recover the scheme for the
measurement processes.

On the other hand, decoherence singles out a sub-
set of preferred states which behave in an effectively
classical, predictable manner. Such states are distin-
guished by their ability to persist despite the environ-
mental monitoring, and therefore they are the ones in
which the quantum system may be observed. They
are called “classical”. Let us discuss this notion in a
more detailed way. We restrict our considerations to
the case when the interaction leads to a Markovian
master equation, that is the evolution of any state of
the system is given by a quantum Markov semigroup.
Let us recall that the quantum Markov semigroup is
a strongly continuous semigroup of completely posi-
tive, contractive and trace preserving superoperators.
At first, let us comment on crucial differences between
states of classical and quantum systems. One of the
most characteristic features distinguishing classical
from quantum states is their sensitivity to measure-
ments. In classical physics we could perform many
kinds of measurements which would not disturb the
system in an essential way. A measurement can in-
crease our knowledge of the state of the system but,
at least in principle, it has no effect on the system
itself. By contrast, in quantum mechanics it is im-
possible to find out what the state is without, at the
same time, changing it in a way determined by the
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measurement. According to the von Neumann pro-
jection postulate the outcome will be, in general, rep-
resented by a density matrix. Therefore, as a conve-
nient measure of the influence of the environment
on the state, we take the measure of the loss of
its purity expressed in terms of the linear entropy
Siin(p) = tr(p — p*) [8].

Let S denote the set of all states of the quantum sys-
tem. By a state we always mean a pure state, whereas
for a mixed state we reserve such notions like density
matrix or statistical state. Hence S consists of unit
vectors from a Hilbert space H determined up to a
phase factor [|1)] or, in other words, of one-dimensio-
nal projectors in H. Hence [|1)] is the abstract class
of unit vectors with respect to the following equiva-
lence relation: [v) = |¢') if [) = e**|’) for some
a € R. Let us notice that the scalar product of two
distinct states is not well defined but its absolute value
is. Also the one-dimensional projector ey, = |¥) (|
does not depend on the choice of a state vector |1)).
A subset of robust (completely stable) states Sy is
defined as

So = {[V) €S: Sin(Tiey) = 0Vt >0}

Obviously, any state from Sp will remain pure dur-
ing the evolution and so remain in Sy. Therefore,
elements from Sy are the most probable candidates
for “classical” states. However, perfect predictability
alone does not suffice to accomplish our goal. For
example, if the interaction was weak, then all states
would evolve in a unitary way yielding Sy = S. Butall
states cannot be classical. Therefore, another feature
distinguishing quantum from classical states, namely
the validity of the superposition principle, has to be
taken into account. In quantum mechanics this princi-
ple guarantees that any superposition of two distinct,
and not necessarily orthogonal states is again a le-
gitimate quantum state. By contrast, classical states
do not combine into another state. The only situa-
tion when their combination can be considered is in-
evitably tied to probability distributions on the phase
space. Taking this into account, we further specified
“classical” states as those whose all non-trivial super-
positions deteriorate to the stable density matrices,
and so, after some decoherence time, are practically
indistinguishable from classical probability distribu-
tions. In other words, non-trivial superpositions of
classical states cannot be robust. We can introduce
now the following definition.
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Definition. A state |) € S is called “classical”
if [) € So and for any |6) € So, [|6)] # [1)],
S(¥),|8) NSy = O, where S(|¢), |¢)) denotes the
collection of all states being non-trivial superposi-
tions of |¢) and |¢). The collection of all “classical”
states is denoted by S..

Under the technical assumption that the semigroup
T} does not also increase the biggest eigenvalue of a
statistical state, we can fully characterize the structure
of the set S..

Theorem [9]. If S. # 0, then it consists of a fam-
ily, possibly finite, of pairwise orthogonal states
{1,102, ...} such that Ty(ey,) = ey, forallt > 0
and any index 1.

Therefore, it turned out that “classical” states can
form only a discrete set of pairwise orthogonal states,
so-called pointer basis.

However, it should be noted that they may not ex-
ist at all. In such a case the predictability sieve was
introduced [8, 10, 11]. Itis a procedure which system-
atically explores states of an open quantum system in
order to arrange them and next put on a list, starting
with the most predictable ones and ending with those,
which are most affected by the environment. For that
purpose we introduce a quantity
1d

/\(6,1,) = =

Zdtsnn(Ttew)h:m

which measures the production rate of the linear en-
tropy for small times. Clearly, the states having the
minimal value of A, and so being on the top of the list,
can be thought of as the most classical ones. By com-
bining predictability with the previously introduced
principle expressing the fact that any superposition
of two distinct preferred states cannot belong to the
same class of stability, the notion of “classical” states
may be also introduced in such a more general case.
In a number of examples [9 - 12] it was demonstrated
that such states are just coherent states associated with
some symmetry group. They are those quantum states
which correspond to points in a classical phase space.
It is worth noting that in both cases, when there exist
robust states or states which offer the minimal pro-
duction rate of linear entropy, the induced classical
properties depend on the type of interaction between
the system and its environment, that is on the dis-
sipative part in the master equation derived for the
reduced density matrices.

On the other hand we can look at the other end of
the list of states arranged according to the degree how
fast they deteriorate to density matrices. It turned out
that for a quantum Markov semigroup for a bipartite
system associated to a “fuzzy” measurement of a con-
tinuous family of non-commuting observables of the
component subsystems, the most unstable states are
maximally entangled while the most stable ones are
just separable states. More precisely, suppose that the
dissipative part in the Markov generator is of the form

LoG) =+ [ dumPsm e Lo
cpn-!
p(PAm) ® Tp) = p].

This is a straightforward generalization of the formula
> P;pP; — p, to the case when there is an overcom-
plete family of n-dimensional projections of the form
Ps(n) ® Ip. For simplicity, we assumed here that
both component systems are n-dimensional, that is
they are represented by n x n matrices. CP™~! de-
notes the complex projective space for one subsystem,
i.e. the space of all pure states. The measure d p(n) is
a unique U(n)-invariant measure on CP"~! normal-
ized in such a way that

dpm)(Pam)) = I4
cpn-

and k > 0 is a coupling constant. Calculating the
quantity A for the semigroup 7; generated by the mas-
ter equation

p = —ilH, p] + Lp(p)

we obtain that
2 |
Mey) = gn(l - Etr(trAe¢)2)

where try denotes the partial trace with respect to
subsystem A. Itis not difficult to identify the states for
which A acquires the minimal and maximal possible
value.

Theorem. A(ey) = Anmin if and only if |¢) =
[YA)[¥B). A€ey) = Amax if and only if traey = Ig/n
and trgey, = I4/n.

In other words, A takes its minimal value for separa-
ble states, and the maximal one for the most entangled
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states. In the case of n = 2 any maximally entangled
state coincides, up to a local unitary isomorphism,
with the Schrodinger-cat state

1
l¥) = %(IOO)H“))

In such a state the measurement of the spin of the first
particle along any axis leads to a definitive prediction
concerning the spin of the second particle along the
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